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Voting Theory



Social	Choice	Theory
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• Mathematical theory for aggregating individual preferences 
into collective decisions



Voting	Theory
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• Originated in ancient Greece
• Formal foundations

Ø 13th Century (Ramon Llull)
Ø 18th Century (Marquis de 

Condorcet and Jean-Charles de 
Borda)

Ø 19th Century: Charles Dodgson 
(a.k.a. Lewis Carroll)

Ø 20th Century: Nobel prizes to 
Kenneth Arrow and Amartya Sen



Voting	Theory
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• We want to select a collective decision based on (possibly 
different) individual preferences
Ø Presidential election, restaurant/movie selection for group activity, 

committee selection, facility location, …

• Resource allocation is a special case
Ø You can think of all possible allocations as the different “outcomes”
o A very restricted case due to lots of ties
o An agent is indifferent among all allocations in which the 

resources she gets are the same
Ø We want to study the general case



Voting	Framework
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• Set of voters 𝑁 = {1,… , 𝑛}

• Set of alternatives 𝐴, 𝐴 = 𝑚

• Voter 𝑖 has a preference ranking 
≻! 	over the alternatives

• Preference profile ≻ is the 
collection of all voters’ rankings

• Other Ballot Types:

Ø Approval Votes

Ø Scores/Stars 

1 2 3

a c b

b a a

c b c



Voting	Framework
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• Social choice function 𝑓
Ø Takes as input a preference profile ≻
Ø Returns an alternative 𝑎 ∈ 𝐴

• Social welfare function 𝑓
Ø Takes as input a preference profile ≻
Ø Returns a societal preference ≻∗

• For now, voting rule = social choice 
function

1 2 3

a c b

b a a

c b c



Voting	Rules
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• Plurality
Ø Each voter awards one point to her top alternative
Ø Alternative with the most point wins
Ø Most frequently used voting rule
Ø Almost all political elections use plurality

• Problem?
1 2 3 4 5

a a a d e

b b b c c

c c c a d

d d d e b

e e e b a

Winner

a
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• Plurality
Ø Each voter awards one point to her top alternative
Ø Alternative with the most point wins
Ø Most frequently used voting rule
Ø Almost all political elections use plurality

• Problem?
1 2 3 4 5

a a c d e

b b b c c

c c a a d

d d d e b

e e e b a

Winner

a
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• Plurality
Ø Each voter awards one point to her top alternative
Ø Alternative with the most point wins
Ø Most frequently used voting rule
Ø Almost all political elections use plurality

• Problem?
1 2 3 4 5

a a a b b

b b b c c

c c c d d

d d d e e

e e e a a

Winner

a



Voting	Rules
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• Borda Count
Ø Each voter awards 𝑚 − 𝑘 points to alternative at rank 𝑘
Ø Alternative with the most points wins
Ø Proposed by Ramon Llull in the 13th Century but named after 18th 

Century work by Jean-Charles de Borda
Ø Used for elections to the national assembly of Slovenia

1 2 3

a (2) c (2) b (2)

b (1) a (1) a (1)

c (0) b (0) c (0)

Total

a: 2+1+1 = 4

b: 1+0+2 = 3

c: 0+2+0 = 2

Winner

a



Voting	Rules
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• Borda Count
Ø Each voter awards 𝑚 − 𝑘 points to alternative at rank 𝑘
Ø Alternative with the most points wins
Ø Proposed by Ramon Llull in the 13th Century but named after 18th 

Century work by Jean-Charles de Borda
Ø Used for elections to the national assembly of Slovenia

1 2 3 4 5

a a a b b

b b b c c

c c c d d

d d d e e

e e e a a

Winner

b

Total

a: 4+4+4+0+0 = 12

b: 3+3+3+4+4 = 13

….
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Borda count 
in real life



Voting	Rules
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• Positional Scoring Rules
Ø Defined by a score vector 𝑠 = (𝑠", … , 𝑠#)
Ø Each voter gives 𝑠$ points to alternative at rank 𝑘

• A family containing many important rules
Ø Plurality = (1,0, … , 0)
Ø Borda = (𝑚 − 1,𝑚 − 2,… , 0)
Ø 𝑘-approval = (1, … , 1,0, … , 0)    ← top 𝑘 get 1 point each 
Ø Veto = (0, … , 0, −1)
Ø …



Voting	Rules
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• Plurality with runoff
Ø First round: two alternatives with the highest plurality scores survive
Ø Second round: between these two alternatives, select the one that 

majority of voters prefer

• Similar to the French presidential election system
Ø Problem: vote division 
Ø Happened in the 2002 French presidential election

1 2 3 4 5

a a c c e

b b b d c

c c a a d

d d d e b

e e e b a

1 2 3 4 5

a a c c c

c c a a a

Winner

c



Voting	Rules
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• Single Transferable Vote (STV)
Ø 𝑚 − 1 rounds
Ø In each round, the alternative with the least plurality votes is 

eliminated
Ø Alternative left standing is the winner
Ø Used in Ireland, Malta, Australia, New Zealand, …

• STV has been strongly advocated for due to various reasons



STV	Example
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2 voters 2 voters 1 voter

a b c

b a d

c d b

d c a

2 voters 2 voters 1 voter

a b c

b a b

c c a

2 voters 2 voters 1 voter

a b b

b a a

2 voters 2 voters 1 voter

b b b



Voting	Rules
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• Kemeny’s Rule
Ø Social welfare function (selects a ranking)

Ø Let 𝑛%≻' be the number of voters who prefer 𝑎 to 𝑏

Ø Select a ranking 𝜎 of alternatives = for every pair (𝑎, 𝑏) where 
𝑎 ≻( 𝑏, we make 𝑛'≻% voters unhappy

Ø Total unhappiness 𝐾 𝜎 = ∑ %,' :%	≻!	' 	 𝑛'≻%
Ø Select the ranking 𝜎∗ with minimum total unhappiness

• Social choice function
Ø Choose the top alternative in the Kemeny ranking



Kemeny	Example
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• 𝐾(𝑎 ≻ 𝑏 ≻ 𝑐 ≻ 𝑑)
Ø 0 x first 2 voters
Ø 2 x next 2 voters
Ø 5 x last voter
Ø 9 in total

2 voters 2 voters 1 voter

a b c

b a d

c d b

d c a

• 𝐾 𝑏 ≻ 𝑎 ≻ 𝑐 ≻ 𝑑
Ø 1 x first 2 voters
Ø 1 x next 2 voters
Ø 4 x last voter
Ø 8 in total



Condorcet	Winner
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• Definition
Ø Alternative 𝑥 defeats 𝑦 in a pairwise election 

if a strict majority of voters prefer 𝑥 to 𝑦
Ø Alternative 𝑥 is a Condorcet winner if it 

defeats every other alternative in a pairwise 
election

• Question
Ø Can there be two Condorcet winners?

1 2 3

a b c

b a a

c c b

Majority Preference
a

bc



Condorcet	Winner

CSCI 699- Evi Micha 21

• Definition
Ø Alternative 𝑥 defeats 𝑦 in a pairwise election 

if a strict majority of voters prefer 𝑥 to 𝑦
Ø Alternative 𝑥 is a Condorcet winner if it 

defeats every other alternative in a pairwise 
election

• Condorcet paradox
Ø No Condorcet winner when the majority 

preference is cyclic

1 2 3

a b c

b c a

c a b

Majority Preference
a

bc



Condorcet	Consistency
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• Condorcet consistency
Ø A voting rule is Condorcet consistent if it selects the Condorcet 

winner whenever one exists

Ø On preference profiles where there is no Condorcet winner, it is free 
to output any winner

• Question: Which rule is Condorcet consistent:

1. Plurality
2. Borda
3. Both rules
4. Neither one

• NOT Condorcet consistent: all positional scoring rules (plurality, Borda, 
…), plurality with runoff, STV



Condorcet	Consistency
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• Condorcet consistency
Ø A voting rule is Condorcet consistent if it selects the Condorcet 

winner whenever one exists

Ø On preference profiles where there is no Condorcet winner, it is free 
to output any winner

• Question: Is Kemeny rule Condorcet consistent?

Ø Yes! Let 𝑎 be the Condorcet winner 

𝑎! …	 𝑎" 	 𝑎 𝒂𝒌$𝟏 … 𝑎&	

𝒏𝒂≻𝒂𝒌

𝑎! …	 𝑎 𝑎𝒌 𝒂𝒌$𝟏 … 𝑎&	

𝒏𝒂𝒌≻𝒂



Condorcet	Consistency
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• Copeland
Ø Score(𝑥) = # alternatives 𝑥 beats in pairwise elections

Ø Select 𝑥∗ with the maximum score

Ø Condorcet consistent (Why?)



Condorcet	Consistency
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• Maximin
Ø Score(𝑥) = min

,
𝑛-≻,

Ø Select 𝑥∗ with the maximum score

Ø Also Condorcet consistent (Why?)

1 2 3 4 5

a a a d e

b b b c c

c c c a d

d d d e b

e e e b a

e.g. 𝑆𝑐𝑜𝑟𝑒(𝑎) = min{𝑛)≻* , 𝑛)≻+ , 𝑛)≻,	, 𝑛)≻.	} = min{4,3,3,4}



Majority	Consistency
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• Majority consistency
Ø If a strict majority of voters rank alternative 𝑥 first, then 𝑥 must be the winner.

• Question: What is the relation between majority consistency and 
Condorcet consistency?

1. Majority consistency ⇒ Condorcet consistency
2. Condorcet consistency ⇒ Majority consistency
3. Equivalent
4. Incomparable

• Question: Which rule is Majority consistent:

1. Plurality
2. Borda
3. Both rules
4. Neither one



Which	rule	to	use?
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• We just introduced infinitely many rules
Ø (Recall positional scoring rules…)

• How do we know which is the “right” rule to use?
Ø Various approaches
Ø Axiomatic, statistical, utilitarian, …

• How do we ensure good incentives without using money?
Ø Bad luck!   



Is	Social	Choice	Practical?
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• UK referendum: Choose 
between plurality and STV for 
electing MPs

• Academics agreed STV is 
better...

• ...but STV seen as beneficial to 
a particular politician

• Hard to change political 
elections!



Incentives
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• Can a voting rule incentivize voters to truthfully report their 
preferences?

• Strategyproofness
Ø A voting rule is strategyproof if a voter cannot submit a false 

preference and get a more preferred alternative (under her true 
preference) elected, irrespective of the preferences of other voters

Ø Formally, a voting rule 𝑓 is strategyproof if for every preference 
profile ≻, voter 𝑖, and preference ≻./, we have

𝑓 ≻ ≽. 𝑓 ≻0., ≻./

Ø Question: What is the relation between 𝑓 ≻  and 𝑓 ≻0., ≻./  
according to ≽./ ?



Strategyproofness
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• Question: Is Borda Count strategyproof?

• Example:
Ø In the true profile, 𝑏 wins
Ø Voter 3 can make 𝑎 win by pushing 𝑏 to the end

1 2 3

b b a

a a b

c c c

d d d

1 2 3

b b a

a a c

c c d

d d b

Winner

a

Winner

b



Borda’s	Response	to	Critics
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Random 18th 
century 

French dude

My scheme is 
intended only for 

honest men!



Strategyproofness
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• None of the rules we saw are strategyproof!

• Are there any strategyproof rules?
Ø Sure

• Dictatorial voting rule
Ø The winner is always the most 

preferred alternative of voter 𝑖

• Constant voting rule
Ø The winner is always the same

• Not satisfactory (for most cases)

Dictatorship

Constant function


